Due to the installation of LNG terminals moored in proximity to the coast, the wave kinematics in shallow water and the consequence on the behavior of those terminals have recently became a major concern of the offshore industry. One key issue is the accurate simulation of the low-frequency motions of LNG carriers, specially the surge, for which the vessel presents low damping, in order to perform the design of the mooring system. The present paper focuses on the effect of wave directionality on second-order slow-drift loads and the related response of the vessel.
INTRODUCTION
Large LNG terminals have been designed to operate in offshore areas approximate to harbors, where water is of finite depth and waves are multi-directional. In the design of such mooring systems of LNG terminals in a zone of shallow water, one important concern is the accurate simulation of the low-frequency motions to which the second-order wave loading is well known as the main source of excitation. In the last decade, the focus of the hydrodynamic research has been on deep and ultra deep water. Although there have been many works on the estimation of second-order loads for the case of long crested waves, there are relatively few works on the estimation of second-order loads in directional waves including the works in [2] , [3] and [5] .
In [6] , the formulations of second-order wave loads were presented, in particular, the new formulation based on the use of control surface was shown to provide results as accurate as the far-field formulation and as general as the pressure-integration formulation. The excellent agreement of second-order drift loads in cross waves with the semi-analytical results validates the development.
Further to the work in [6] , the formulations of second-order low-frequency loads in cross waves are presented here. The results of model tests of a LNG carrier in regular cross waves and bichromatic cross waves and the comparison with numerical computations are illustrated and analyzed.
FORMULATION OF LOW-FREQUENCY LOADS
The low-frequency quadratic transfer function (QTF) is defined as the second-order wave loads occurring at the frequency equal to the difference (ω 1 − ω 2 ) of two wave frequencies (ω 1 , ω 2 ) of bichromatic waves. Furthermore, the wave directions relative to the positive x-axis are denoted by (β 1 , β 2 ). It is understood that the bi-directional bichromatic wave is characterized by, at the first order, one regular wave of (ω 1 , β 1 ) and another of (ω 2 , β 2 ), without loss of generality.
QTF is composed of two distinct parts : one dependent only on the quadratic products of first-order wave fields and another contributed by the second-order potentials of the incoming and diffracted waves.
The first part F q can be written in the way presented in [10] :
as integration over the hull H and along the waterline Γ in their mean position. In (2), φ stands for the first-order velocity potential and φ n = ∇φ · n the normal derivative of φ on H. The subscripts ( 1 , 2 ) represent the quantities associated with the wave frequencies and directions (ω 1 , β 1 ) and (ω 2 , β 2 ), respectively, while the superscript * indicates the complex conjugate. The formulation (2) derived from Eq.27 in [10] obtained by applying the two variants of Stokes' theorem given in [7] to the classical near-field (pressure-integration) formulation as in [8] , is compact and used here. It is directly applicable to force components in horizontal directions. The extension to other components is direct and omitted here. In (2), we involve the gradient of velocity potentials which is sensitive to the singularities present in the velocity field at sharp corners. In particular, the integration of terms (∇φ 1 · ∇φ * 2 ) converges slowly or in the worst cases, may be non-convergent.
In [10] , after having the new near-field formulation by applying the variants of Stokes's theorem, we considered a fluid volume enclosed by the hull, a control surface at a distance from the body and the mean free surface limited by the waterline and the intersection of the control surface with free surface, and have obtained the general formulation (Eq.8a & 8b in [10]) of secondorder loads by using Gauss's theorem. This formulation can be simplified if we construct a control surface surrounding the hull touching the free surface only along the waterline :
in which C stands for the control surface defined as an arbitrary one surround the body. The integration of terms (∇φ 1 · ∇φ * 2 ) in (3) now performed on the control surface C converges rapidly since C is at some distance from the hull where the velocity field does not present any singularity. The integration on the hull H is of order O(ω 1 −ω 2 ) and as small as φ n which tends to zero for large wave frequencies. The middle-field formulation (3) is used for the computation of the first-part of second-order loads F q in the following.
The second part F p is expressed in the way [4] :
in which the first term in the hull integral corresponds to the second-order Froude-Krylov component contributed by the incoming wave potential φ
I defined by :
(ε 1 , ε 2 ) being the phases of first-order incoming waves associated with (ω 1 , β 1 ) and (ω 2 , β 2 ), respectively.
In (5), k m is given by :
and A written :
where we have used the notations (a 1 , a 2 ) and (k 1 , k 2 ) standing for the wave amplitudes and wavenumbers associated with
1,2 /g with the waterdepth h, respectively, while the wave heading with respect to the positive x-axis is denoted by β.
The second term in the hull integral of (4) and the term defined by the integral over mean free surface F come from the application of Haskind relation and represent the contribution of the second-order diffraction potential, as shown in [4] . The terms (N H , N F ) are the second members of the boundary conditions satisfied by the second-order diffraction potential on the hull H and the mean free surface F, respectively. They are written as : (9) and
in which x is the displacement vector at a point on H and R the vector of rotations. In (10), φ I represents the first-order potential of incoming waves while φ P = φ − φ I stands for that of perturbation including the diffraction and radiation components. Finally, [ψ] in (4) represents a vector of first-order radiation potentials oscillating at the difference frequency (ω 1 −ω 2 ). They satisfy the homogeneous condition :
on the mean free surface F and
on the hull H. The full QTF (1) is composed of two parts (F q , F p ) given by the formulations (2) and (4), respectively. The formulation (2) for F q derived in [10] is simpler than that in [8] . The formulation (4) for F p by [4] is often called indirect method since it provides a way to evaluate the contribution from the secondorder diffraction potential through the Haskind relation such that the second-order diffraction potential is not explicitly computed.
SECOND-ORDER LOADS IN CROSS WAVES
In cross waves of two frequencies (ω 1 , ω 2 ) with two headings (β 1 , β 2 ), the first-order elevation of free surface for regular waves can be expressed by :
with the complex amplitudes :
associated with the real amplitude (a 1 , a 2 ), wave numbers (k 1 , k 2 ), coordinates (x, y) of the reference point and the initial phases (ε 1 , ε 2 ) of each wave component. The time series of second-order low-frequency wave loads are then written by :
in which F(ω 1 , ω 2 ) are the QTF given by (1) and computed by (3) for the first part and (4) for the second part.
In the cross waves of unique wave frequency (ω 1 = ω 2 ), the low-frequency load is reduced to the drift loads expressed by :
in which (a 1 , a 2 ) are the real amplitudes of cross waves define in (14) and E(β 1 , β 2 ) is the phase function :
representing the phase difference of two cross waves (14). The first two terms in (16) are the drift forces associated with each regular wave while the third one is contributed by the interaction between two waves of different headings. From (17), the interaction term varies with the phase function depending on the reference position and initial phases of two regular waves.
NUMERICAL AND MODEL TEST RESULTS
Numerical computations and model tests are performed for a standard 138000 m 3 LNG vessel moored in the waterdepth equal to 15m. The main particulars of the LNG vessel are shown in Table 1 . The vessel was moored by a soft spring mooring system The mooring stiffnesses given in Table 1 were adjusted to obtain a realistic natural period for surge with a target value of 124s. Several series tests of cross waves have been performed in the Offshore Basin of MARIN. The basin has a movable floor which is used to adjust the water depth to 15m. In all cases, two regular waves of headings 135 • and 225 • relative to the LNG heading are generated from the two sides of the basin. The axis system is shown on Figure 1 The mean drift loads are measured in the cross waves with equal frequencies of 0.4, 0.6 and 1.0 rad/s. Furthermore, the cross waves with a pair of frequencies equal to 0.60 and 0.65 rad/s are generated and low-frequency wave loads are measured. The numerical model Hydrostar of wave diffraction and radiation presented in [1] is used to evaluate the first-order and second-order solutions. A picture of model tests of cross waves with a frequency equal to 1.0 rad/s is presented on Figure 2 . Two regular waves come in front of the vessel with ±45 • on the portside/starboard sides. The cross waves are also computed and also illustrated on Figure 2 below the picture of model tests.
The mesh used in Hydrostar is composed of 4408 flat panels on the wetted part of LNG vessel. For the computation of secondorder wave loads by using the middle-field formulation, a control surface composed of 3330 flat panels is automatically generated and presented on Figure 3 together with the hull mesh.
First, the mean drift forces F x in cross waves of headings (β 1 = 135 • and β 2 = 225 • ) with the same frequency are computed and compared with measurements of model tests. The results of F x (ω, ω, β 1 , β 2 ) are presented on Figure 4 with the wave frequency ω in rad/s as the abscissa. Only the real part is illustrated since the imaginary part is zero for the interaction for F x between two waves of these headings. The results of model test (circles) are very close to the curve of numerical computations at ω = 0.4 and 1.0 rad/s. The results at ω = 0.6 are however quite different. As shown by (16), the mean drift forces F x vary in function of wave phase difference. This variation is illustrated on Figure 5 where the total drift forces F x defined by (16) are presented in function of phase difference in deg. 
Figure 5. TOTAL DRIFT LOAD IN FUNCTION OF WAVE PHASES
The drift forces F x in regular mono-directional waves of heading equal to 135 • are depicted on Figure 6 . The dispersion of model test results at ω = 0.6 rad/s is quite important. This dispersion could be explained by the difficulty to interpret the model test results. The measured time signal has to be decomposed in order to separate the forces coming from the first order loads from the forces coming from the second order loads. Globally, the comparison between the results of model tests and numerical computations is good, although only few model tests were performed. More measurements are expected to fully validate the numerical models.
In bichromatic cross waves of
the low-frequency loads F x are depicted on Figure 7 . The real and imaginary parts of numerical computations are presented by solid and dot-dashed lines, respectively while the test measurements by the symbols (circle and square) for the real and imaginary parts, respectively. Finally, we present some results of numerical computations. The real and imaginary parts of drift forces F x in regular cross waves are depicted on Figures 8 and 9 . The main heading of regular waves is 180 • (head waves) and the drift forces due to inter- 
CONCLUSIONS
The formulation of quadratic transfer function (QTF) of lowfrequency wave loads in bichromatic cross waves is given in the paper with the extension of middle-field formulation for the first part depending on the quadratic products of first-order wave fields. The results of numerical computations and experimental measurements are presented. The comparison between numerical computations and model tests is globally good. However, more results from model tests are needed for fully validate the numerical developments. Although the further analyses are needed to quantify the impact to practices, it is already shown that the interaction effect between waves from different headings is very important and has to be taken into account in the estimation of excitation loads to mooring systems. 
